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In the last two decades, considerable advances have been made in the investigation of nano-
photonics in photonic crystals. Previous theoretical investigations of photon dynamics were carried
out at zero temperature. Here, we investigate micro/nano cavity photonics in photonic crystals at
finite temperature. Due to photonic-band-gap-induced non-Markovian dynamics, we discover that
cavity photons in photonic crystals do not obey the standard Bose-Einstein statistical distribution.
Within the photonic band gap and in the vicinity of the band edge, cavity photons combine nontrivial
quantum dissipation with thermal fluctuations to form photon states that can memorize the initial
cavity state information. As a result, Bose-Einstein distribution is completely broken down in these
regimes, even if the thermal energy is larger than the photonic band gap.
PACS numbers: 03.65.Yz, 42.70.Qs, 05.70.Ln
Photonic band gap (PBG) structures in photonic crys-
tals together with the characteristic dispersion proper-
ties make light manipulations more efficient [1, 2]. In
particular, light can be localized in photonic crystals due
to PBG [3, 4], and ultrahigh quality-factor cavities have
been realized on-chip [5]. Quantum optics with a few-
level atom placed inside photonic crystals has been ex-
tensively explored [6]. The features of atomic popula-
tion trapping (i.e. inhibition of spontaneous emission)
and atom-photon bound states in the vicinity of the pho-
tonic band gap have been discovered [7–9]. These fea-
tures are obtained mainly at zero temperature, solving
the Schro¨dinger equation in which the photonic crystal
contains only one single photon emitted from an atom
which is initially in the excited state. On the other hand,
when the number of photons increases, light propagat-
ing in photonic crystals was understood using the clas-
sical Maxwell equations which are also defined at zero
temperature [1, 2]. Indeed, photonic quantum dynamics,
even for a pure micro/nano cavity embedded in photonic
crystals, has not yet been solved at finite temperature.
Practically, understanding photonic quantum dynamics
at finite temperature is important for the development
of all-optical circuits incorporating cavities and photonic
bandgap waveguides in photonic crystals.
All-optical circuits for networks on-chips consist of mi-
cro/nano cavities and waveguides. Micro/nano cavities
in photonic crystals are created by point defects, and
photonic bandgap waveguides are made with coupled de-
fect arrays. Frequencies of the cavities and waveguides
can be easily tuned by changing the size and/or the shape
of defects. To investigate the photon dynamics of mi-
cro/nano cavities which are coupled to waveguides em-
bedded in the photonic crystal at finite temperature, one
may treat both the photonic crystal and waveguides as
reservoirs of cavities. Based on the recent development
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of the exact master equation for open quantum systems
[10–13], an arbitrary photon state of cavities connected
through waveguides in photonic crystals is governed by
the following exact master equation [10]
ρ˙ (t) =− i [H ′c(t), ρ (t)] +
∑
ij
{
κij (t)
[
2ajρ (t) a
†
i
− a†iajρ (t)− ρ (t) a†iaj
]
+ κ˜ij (t)
[
a†iρ (t) aj
+ ajρ (t) a
†
i − a†iajρ (t)− ρ (t) aja†i
]}
. (1)
Here ρ(t) is the reduced density matrix for cavity states,
ai (a
†
i ) the photon annihilation (creation) operator,
H ′c(t) =
∑
ij ω
′
c ij(t)a
†
iaj is the renormalized Hamiltonian
of cavities with the environment-modifed cavity frequen-
cies ω′c ii(t) and the environment-induced couplings be-
tween different cavities ω′c ij(t), after the environmental
degrees of freedom are completely integrated out. The
coefficients κij (t) and κ˜ij (t) characterize photon dissipa-
tions and fluctuations in photonic crystals at finite tem-
perature.
The master equation (1) gives the exact time-evolution
of cavity photon states with arbitrary number of pho-
tons in thermal photonic crystals. To be specific, we
may consider a single-mode micro/nano cavity in a pho-
tonic crystal, see Fig. 1a. The photon dissipations and
fluctuations, given by the coefficients κ (t) and κ˜ (t) (all
the sub-indices (i, j) in (1) can be dropped now), are de-
termined non-perturbatively and exactly by nonequilib-
rium Green functions [16, 17] through the relations [10–
13]: κ (t) + iω′c (t) = −u˙ (t, t0)u−1 (t, t0), κ˜ (t) = v˙ (t, t) +
2v (t, t)κ (t). Here u (t, t0) is the photon field propagat-
ing Green function: 〈a(t)〉 = u(t, t0)〈a(t0)〉, describing
cavity field relaxation, and v (t, t) characterizes reservoir-
induced photon thermal fluctuations and satisfies the re-
lation with the average cavity photon number (cavity in-
tensity): n (t) =
〈
a† (t) a (t)
〉
= |u (t, t0)|2 n (t0) + v (t, t),
where 〈a(t0)〉 and n(t0) are the corresponding initial cav-
ity field and initial cavity photon number. These two
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FIG. 1: a. A micro/nano cavity embedded in photonic
crystals. b. The spectral density J (ω) of the micro/nano
cavity coupled to photonic crystals. ω = ωe is the photonic
band edge. The spectrum is divided into three regimes: pho-
tonic band gap (PBG), the vicinity of the photonic band edge
(PBE) and the photonic band (PB). c. Dissipative dynam-
ics of the cavity field with different detuning δ = ωc − ωe,
with ωe = 100C
2/3. d. Steady-state values of the normalized
cavity field amplitude.
Green functions are determined exactly by the follow-
ing Dyson equation and the nonequilibrium fluctuation-
dissipation theorem, respectively,
u˙(t, t0)=−iωcu(t, t0)−
∫ t
t0
dtg(t− t′)u(τ, t0), (2a)
v(t, t) =
∫ t
t0
dt1
∫ t
t0
dt2u
∗(t1, t0)g˜(t1 − t2)u(t2, t0), (2b)
where ωc is the original cavity frequency. The in-
tegral kernels in (2) characterize all the back-actions
between the cavity and its reservoirs, and are deter-
mined uniquely by the spectral density J (ω) of reser-
voirs: g(t − t′) = ∫ dωJ(ω)e−iω(t−t′), and g˜(t − t′) =∫
dωJ(ω)n(ω, T )e−iω(t−t
′), where n (ω, T ) = 1
e~ω/kBT−1
is the initial photon distribution in the photonic crystal
at temperature T . The spectral density J (ω) is micro-
scopically defined as a multiplication of the density of
states of the photonic crystal with the coupling strength
between the cavity and the photonic crystal. In standard
quantum optics, the spectral density is treated as a con-
stant (white noise) so that the dissipation and fluctua-
tion coefficients, κ and κ˜, becomes time-independent [18].
The cavity state will then ultimately evolve into thermal
equilibrium with its environment, and photons inside the
cavity obey the Bose-Einstein distribution [19]. However,
this well-known result can be false for micro/nano cavi-
ties in thermal photonic crystals, as we will show below.
To investigate cavity photon state evolutions in pho-
tonic crystals, we must first solve the dynamics of pho-
ton dissipations and fluctuations, as determined by (2).
In principle, the density of states of photonic crystals
can be calculated numerically by solving photon eigenfre-
quencies and eigenfunctions in the photonic crystal with
Maxwell’s equations though the FDTD (finite-difference
time-domain) method [21]. For simplicity, we consider
an isotropic photonic crystal, and its density of state can
be modeled [7, 8] by ρPC(ω) ∝ 1√ω−ωeΘ(ω − ωe), where
Θ(ω) is the Heaviside step function and ωe is the band
edge, see Fig. 1b. Then the spectral density is given by
J (ω) =
C
pi
1√
ω − ωeΘ (ω − ωe) , (3)
which could encapsulate the complete information about
the effects of the reservoir on photon dissipations and
fluctuations [20]. The parameter C is a constant coupling
strength between the cavity and photonic crystals, and
thus the cavity mode is assumed to couple equally with
all possible modes in photonic crystals.
With the spectral density (3), the cavity field propa-
gating function of (2a) can be solved exactly
u (t, t0) =
2 (ωe − ωb)
3 (ωe − ωb) + δ e
−iωb(t−t0)
+
C
pi
∫ ∞
ωe
dω
√
ω − ωee−iω(t−t0)
(ω − ωc)2 (ω − ωe) + C2
, (4)
where δ = ωc − ωe is the detuning of the cavity fre-
quency from the photonic band edge (PBE). Equation (4)
shows that the photonic dissipation dynamics in photonic
crystals contains two parts, a localized photonic mode
(the first term) plus non-exponential damping (the sec-
ond term). The localized mode is dissipationless, induced
by the PBG structure in the photonic crystal. The corre-
sponding frequency ωb, which is the real root of the equa-
tion (ωc − ωb)
√
ωe − ωb = C, lies within the PBG. The
non-exponential damping comes from the non-analyticity
of the energy correction induced from the spectrum dis-
tribution profile of the photonic crystal. These results
strongly rely on the detuning δ, as shown in Fig. 1c.
In fact, the localized mode and the non-exponential
damping indicates the existence of the non-Markovian
memory dynamics [11]. As one can see in Fig. 1c,
when the cavity mode is tuned far away from the PBG
(δ & 2.5C2/3), the optical field in the cavity is rapidly
damped, as shown in usual quantum optics. In the
regime −2.5C2/3 . δ . 2.5C2/3, i.e. when the cav-
ity frequency lies in the vicinity of the PBE, the non-
exponential non-Markovian damping dominates the pho-
ton dynamics. When the cavity frequency is tuned deeply
inside the PBG (δ . −2.5C2/3), the cavity field has al-
most no damping, and thus light can be confined in the
defect of the photonic crystal, providing a high-Q mi-
cro/nano cavity. In fact, these photon dissipative non-
Markovian dynamics produces the same results with re-
gard to atomic population trapping (inhibition of spon-
taneous emissions) and atom-photon bound states in the
3vicinity of the photonic band gap, obtained by John and
others [7–9] when an atom is placed in the defect. Fig-
ure 1d shows further the cavity field amplitude in the
steady-state limit, due to the localized photon mode in
(4), as a dissipationless part (for δ . −2.5C2/3). The lo-
calized photon mode decreases rather quickly near the
PBE (−2.5C2/3 . δ . 2.5C2/3), and becomes neg-
ligible for δ & 2.5C2/3. To physically measure such
non-Markovian dissipative dynamics in photonic crystals,
one may rewrite the solution (4) in terms of the cavity
field spectrum: u(t, t0) =
∫
dωD(ω)e−iω(t−t0), with the
reservoir-modified cavity field spectrum
D (ω) = Dl (ω) +Dd (ω) . (5)
Here Dl(ω) = Zδ (ω − ωb) = 2(ωe−ωb)3(ωe−ωb)+δ δ(ω − ωb) and
Dd(ω) =
C
pi
√
ω−ωe
(ω−ωc)2(ω−ωe)+C2 denote the localized mode
and the continuous (dissipation) spectrum, respectively.
With the above exact solution of photon dissipation
dynamics, thermal photon fluctuations can be fully de-
termined by the relation (2b), as a result of the gen-
eralized non-equilibirum fluctuation-dissipation theorem
[11]. In solution (2b), the time correlation g˜(t − t′) de-
picts the fluctuation due to the thermal photonic crystal.
When the system reaches its steady state, thermal fluc-
tuations are simply determined by the modified steady-
state fluctuation-dissipation theorem: v(t, t → ∞) =∫∞
ωe
V(ω)dω with
V(ω) = n(ω, T )
[
J(ω)
( Z
ω − ωb
)2
+Dd(ω)
]
. (6)
The first term is the localized mode contribution
that modifies the conventional equilibrium fluctuation-
dissipation theorem. This additional contribution is neg-
ligible when the cavity frequency is tuned far away from
the PBG, where ωb → ωe so that Z → 0. Consequently,
the solution (6) is reduced to the standard equilibrium
fluctuation-dissipation theorem: V(ω) = n(ω, T )Dd(ω).
Thermal fluctuations at different initial temperatures
are presented in Fig. 2a. It appears that these fluctua-
tions evolve in a similar way for different temperatures.
In the regime where ωc is tuned far away from PBG
(δ & 2.5C2/3), photons continuously flows into the cav-
ity from the photonic crystal until it reaches the steady
state. In this case, the cavity reaches thermal equilibrium
with the photonic crystal. When ωc lies in the vicinity
of the PBE (−2.5C2/3 . δ . 2.5C2/3), photons also flow
into the cavity at the beginning, but some of them are
then transmitted back into the photonic crystal, due to
the non-Markovian memory effects. When ωc lies deeply
inside the PBG (δ . −2.5C2/3), few of the photons in
the photonic crystal flow into the cavity, although the
thermal energy, kBT = (20, 100, 10
3)C2/3 for the three
graphs in Fig. 2a, are larger or even much larger than the
detuning δ. Thermal fluctuations are thus suppressed sig-
nificantly in the PBG, due to the strong non-Markovian
effect.
(i) (i)
(ii) (ii)
(iii)(iii)
a b
FIG. 2: a. Time-evolution of thermal fluctuations, in terms
of the correlation Green’s function v (t, t), due to the thermal
photonic crystals. Different curves correspond to different de-
tuning δ, the same as that shown in Fig. 1c, with the photonic
crystal temperature (i) kBT = 20C
2/3, (ii) kBT = 100C
2/3
and (iii) kBT = 10
3C2/3 and ωe = 100C
2/3. b. The steady-
state values of thermal fluctuations. The solid-blue curve cor-
responds to the steady-state thermal fluctuation as a function
of the detuning. The pink-dashed curve is the corresponding
Bose-Einstein distribution.
The physical picture of thermal fluctuations can be
seen by connecting it with the measurable average cavity
photon number. The average cavity photon number is
given by n (t) = |u (t, t0)|2 n (t0) + v (t, t), obtained di-
rectly from the master equation. This relation tells that
v(t, t) is just the thermal-fluctuation-induced average
photon number in the cavity. In Fig. 2b, we present the
steady-state thermal fluctuations. The solid-blue curve is
the thermal photon distribution of the photonic crystal at
given temperature. It shows that when δ & 2.5C2/3, the
thermal-fluctuation-induced steady-state average photon
number is identical to the thermal photon distribution
in the photonic crystal: n(t → ∞) = v(t, t → ∞) =
n¯(ωc, T ) = 1/[e
~ωc/kBT − 1], given by the dashed-pink
curve. In this regime, the initial cavity photons are to-
tally lost into the photonic crystal as u(t, t0) → 0 in
the steady-state limit, as a typical Markovian process.
The steady-state cavity photons all come from thermal
fluctuations of the reservoir. As a consequence, the cav-
ity photon distribution obeys the Bose-Einstein distri-
bution as that in the thermal photonic crystals. How-
ever, near the PBE (−2.5C2/3 . δ . 2.5C2/3), the
thermal-fluctuation-induced photon number deviates sig-
nificantly from the thermal photon distribution, as shown
4in Fig. 2b. In other words, Bose-Einstein distribution no
longer works for cavity photons in the vicinity of the
PBE. When the cavity frequency ωc lies deeply in the
PBG (δ . −2.5C2/3), the thermal fluctuation effects
approach to zero, and thus the cavity appears isolated
from the thermal reservoir and cannot reach equilibrium
with the reservoir [19], even if the thermal energy is
larger or much larger than the detuning: kBT > δ or
kBT >> δ. Bose-Einstein distribution is completely bro-
ken down here.
Based on the above exact photonic dissipation and
fluctuation dynamics in photonic crystals, we shall now
solve the exact master equation and investigate the pho-
ton state evolution. To be more specific, consider the
cavity to initially be in a Fock state with an arbitrary
photon number n0, i.e. ρ (t0) = |n0〉 〈n0|, which can
be prepared experimentally [23]. By solving the mas-
ter equation, the cavity state at arbitrary time t is given
by ρ(t) =
∞∑
n=0
P(n0)n (t)|n〉〈n| with
P(n0)n (t) =
[v(t, t)]n
[1 + v(t, t)]n+1
[1− Ω (t)]n0
×
min{n0,n}∑
k=0
(
n0
k
)(
n
k
)[
1
v(t, t)
Ω(t)
1− Ω(t)
]k
(7)
where Ω (t) = |u(t,t0)|
2
1+v(t,t) . This result shows that an initial
photon Fock state will evolve into a mixed state of dif-
ferent Fock states, and the probability in each Fock state
|n〉 is P(n0)n (t).
The time-evolution of the probability distribution
P(n0)n (t) for the initial state |n0 = 5〉 is given in Fig. 3.
The results show that inside the PBG, e.g. δ = −10C2/3,
and when the photonic crystal temperature is not too
high (kBT = 20C
2/3 and 100C2/3), the cavity main-
tains the initial Fock state. It only has a small chance
to decay to the Fock state |n = 4〉 [see Fig. 3a-(i) with
kBT = 20C
2/3], and an even smaller probability to be
in the Fock state |n = 6〉 [see Fig. 3a-(ii) when kBT in-
creases to 100C2/3]. However, at a high temperature
(kBT = 10
3C2/3) the thermal fluctuation becomes rel-
atively strong, such that most of the initial state infor-
mation will be lost and the cavity evolves to a mixed
state covering several Fock states around the initial one
|n0 = 5〉 [see Fig. 3a-(iii)]. Near the PBE (e.g. δ = 0),
the cavity will lose photons into the photonic crystal rela-
tively easily. At a low temperature (kBT = 20C
2/3), the
photon loss makes the cavity become a mixed state of sev-
eral Fock states |n〉 only for n < 5, and mainly distributed
around n = 2 and 3, see Fig. 3b-(i). At a relatively high
temperature (kBT = 100C
2/3), the cavity state also be-
comes a mixed state of several Fock states |n〉, distributed
mainly among n = 1 to 3, but the distribution is broader,
see Fig. 3b-(ii). As the temperature becomes rather high
(kBT = 10
3C2/3), the time-evolution of the cavity state
behaves quite differently because thermal fluctuations
now play a crucial role, and thus the structure of the ini-
a b c
(i)
(ii)
(iii)
(i)
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FIG. 3: The time-evolution of the probability distribution,
P(n0)n (t) for different detuning δ and different temperature
T : (i) kBT = 20C
2/3 (ii) kBT = 100C
2/3, and (iii) kBT =
103C2/3, with the cavity being in an initial Fock state |n0〉
with n0 = 5 and the band edge ωe = 100C
2/3. The time t is
in the unit of C−2/3.
tial state is quickly destroyed, as shown in Fig. 3b-(iii).
However, the cavity does not really reach thermal equi-
librium with the photonic crystal, as can be seen from
Figs. 1d and 2b, in which Ω(t) = |u(t,t0)|
2
1+v(t,t) . 0.1. Taking
the solution (7) up to the order of Ω(t), we have
P(n0)n (t) ≈
[v (t, t)]
n
[1 + v (t, t)]
n+1
[
1−
(
1− n
v (t, t)
)
Ω (t)n0
]
.
(8)
Here the second term shows the deviation from the
thermal-like state ρT [v (t, t)] =
∞∑
n=0
[v(t,t)]n
[1+v(t,t)]n+1
|n〉 〈n|,
where v (t, t) is given by Eq. (2b) [its steady-state limit
is given by Eq. (6)]. In this case (δ = 0 and kBT =
103C2/3), the cavity evolves into a mixed state slightly
different from the thermal-like one ρT [v (t, t)]. If we
turn ωc into the PB (e.g. δ = 10C
2/3), then u(t, t0)
will gradually decay to zero, indicating that the cavity
gradually emits all photons into the photonic crystal and
finally becomes a vacuum at very low temperature, see
Fig. 3c-(i). At higher temperature, the thermal fluctua-
tion v(t, t) approaches to the Bose-Einstein distribution:
v(t, t → ∞) = n (ωc, T ). Only in this case, the cavity
truly evolves into thermal equilibrium with the photonic
crystal, given by P(n0)n (t) → [n(ωc,T )]
n
[1+n(ωc,T )]
n+1 , as shown in
Fig. 3c-(ii) and -(iii).
The initial state dependence can be further examined
from the steady-state limit of the cavity photon distribu-
tion P(n0)n (t→∞). The results are presented in Fig. 4.
In each graph in Fig. 4, we take three different initial
Fock States |n0〉. Figure 4 shows that inside the PBG
(δ = −10C2/3) the steady state cavity photon distribu-
5a b c
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(ii)(ii) (ii)
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FIG. 4: The steady-state cavity photon distribution,
P
(n0)
n (t→∞) for different initial states |n0〉 with n0 =
5, 15, 25, and for different temperatures T (i) kBT = 20C
2/3,
(ii) kBT = 100C
2/3 and (iii) kBT = 10
3C2/3, and different
detuning a. δ = −10C2/3 (inside the PBG regime), where
the Bose-Einsten distribution is completely broken down; b.
δ = 0 (at the band edge), where the cavity steady states still
depend on the initial state and do not obey Bose-Einstein dis-
tribution, and c. δ = 10C2/3 (within the PB regime), in this
case, the cavity steady states show the Bose-Einstein distri-
bution for all different temperatures.
tion strongly depends on the initial state, as a signifi-
cant evidence of non-Markovian dynamics. At low tem-
perature (e.g. kBT = 20C
2/3), the cavity photons are
distributed in the regime n ≤ n0 with the maximum
peak at n = n0, see the first graph in Fig. 4a. At a
higher temperature (e.g. kBT = 100C
2/3 and 103C2/3),
the cavity photons are distributed slightly more broadly,
due to thermal fluctuations, but are still centered around
the initial photon number n0, as seen in the second and
the third graphs in Fig. 4a. This is because the non-
Markovian memory still dominates the quantum dynam-
ics. In these cases, Bose-Einstein distribution completely
breaks down. Near the PBE (δ = 0), the cavity pho-
tons are centered at a number slightly less than n0/2
if the temperature is not too high (kBT = 20C
2/3 and
100C2/3), as seen in the first two graphs in Fig. 4b. At
a high temperature (kBT = 10
3C2/3), thermal fluctua-
tions play a more important role in the cavity dynamics
so that the steady cavity states for different initial states
do not differ from each other as that much as the previous
cases, but the photon distribution still derivates signifi-
cantly from the standard Bose-Einstein distribution due
to the non-Markovian effect, as seen in the last graph in
Fig. 4b, as a result of the solution to (8). When ωc lies
far away from the PBG (e.g. δ = 10C2/3), photons in the
cavity will gradually be damped into the photonic crystal,
and the photons in the photonic crystal are transferred
into the cavity through thermal fluctuations. In this case
the non-Markovian effect is negligible, and the cavity ul-
timately reaches thermal equilibrium with the photonic
crystal, and the Bose-Einstein statistical distribution is
recovered, P(n0)n (t→∞) = [n(ωc,T )]
n
[1+n(ωc,T )]
n+1 , where the ini-
tial state information is completely washed out, as shown
in Fig. 4c.
In conclusion, we show that when the cavity frequency
lies near the photonic band edge or deeply inside the
photonic band gap in photonic crystals, the steady cav-
ity states do not obey the Bose-Einstein statistical dis-
tribution, even though the thermal energy is larger or
much larger than the detuning. This non-trivial photon
dynamics provides a direct evidence for the impact of
non-Markovian dynamics on the equilibrium hypothesis
of statistical mechanics [19], and it could be examined
with current photonic crystal experiments in microwave
regime.
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